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SYNOPSIS 


of the 

Ph.P. Dissertation 
on 

CONTRIBUTIONS TO THE THEORY OP POLYNOMIALS 


by 

QAZI MOHAMMAD TARIQ 

Department of Mathematics 
Indian Institute of Technology, Kanpur, India 

MAY, 1986 

The thesis consists of two main chapters, namely Chapt- 
ers 1 and 2. In Chapter 1 we consider some problems related 
to the famous inequalities of Markov and Bernstein about the 
derivatives of polynomials and trigonometric polynomials. In 
Chapter 2 we attempt to answer a question inspired by the 
well-known conjecture of Bl. Sendov. 

We use the notation D(a;R) for the .open disk 
jzCC ; |z-a|<;E^ and D(a;R) for its closure. 

The main results of Chapter 1 are : 

THEOREM 1.1. Let f(z) := z where p and q are 

polynomials of degree p. and ^ respectively. If both p and 
q do not vanish in D(0;l) and jf(x)j^l for -K'x<Cl, then 

1 (1-^x^)^/^ 




ID 3. XI To 

0<x<l * (1-x^)^/^ 


COROLLARY 1.1. Let p(z) » z q(z) "be an odd polynomial 
of degree <1 n such that |p(x)l^C 1 for If. q(z) ^ 0 

i^D(0;l), then for all xg [jl.l] 

|p(x)/x|<V5>'c:q 

where is the only positive root of the equation 

• ,c 

In the absence of any restriction on the zeros of q it 
was proved by R. P. Boas, Jr. that if is the Chebyshev 
polynomial of the first kind of degree m = n or n-1 according 
as n is odd or even, then 


p(x)l< |Tjjj(x) 1 (|xl<sin^). 


00 


THEOREM 1.2. Let f(z) := r a 

^)=1 


^ 2^ be typically real in 


L(0;l). If jf(re^“)|<l for 0<r<l and some a^ro.Ttl. then 


II - 


< \ := 


inf 

0<r<l 


'l+r^-2r cos 2a 


The estimate is sharp for each a. 

THEOREM 1.3. Let f(z):= E a^ z be typically real in 

I i I I- . 

L(0,l). ^ for -l<r<l and some a gfo.ni ) . then 

2 


1 a, I < ^ :« inf — — hj 

' “ 0<r<l rd-r^) 


l+r^-2r^ cos 2a . 


The case a = 0 of Theorem 1.3 vas first proved by 
Q. I. Rahman and St. Ruscheweyh by a method different from 


ours . 


n 


THEOREM 1.4. If p(x) := E 

V=0 


y) 

a.p X is a polynomial of 


degree n such that p(l) = 0, then 

(•S^)V2 ( ^^|pU)|2 

The inequality is sharp and equality holds for 

p(x);= P„(x)--V (2)>+l)Pdx) 

^ XT V>=0 



where is the Legendre polynomial of degree ^ with the 
normalizatioD Py(l) « 1. Besides . 

which is a^rain sharp as the example 

^ u. -- - . LI. ■..! I- Til- ,■ ,r . - ^ 

p(x):=-^fiip (x)-P„ e (2V+1)P^(x) 

n^+2 ® ■ ■ n"^+2 >>=0 ^ 

shows . 


1/2 


THEOREM 1 . 5 . Let f(z) he an entire function of exponent - 
ial type T such' that lf(x)j <C L ior x€B. ^ |f(0)| = cos a, 
where 0<ra<C -|- > and f'(0) = 0, then 

|f(x)|< sin(V(Tc-a)^+T^x^- -|-) for |x|<^^^^51. 
C0R0LLAR1 1 . 3 . Under the conditions of Theorem 1.5 we 


have 

jf»(0)l<5i|^ ,2 . 

Besides, we present an alternative proof of the following 
result of C. Frappier: 

THEOREM A'. Let f(z) be an entire function of exponential 
type T such that |f (x)j^^ 1 for x€lR and f (O) = 0. Then 

|f(x)|<lsin Tx| for 
In Chapter 2 we prove : 

THEOREM 2.1. | a| = 1. If p(z) := c(z-a)^ 

is a polynomial of degree n Ok) such that jz^|<l for 

= 1, ...» n-k, then taking multiplicity into account . p*(?) 

has at least k zeros in (ClD(a;j|^) ) . 

- , n-k 

THEOREM 2.2. Let la|<l. ^ p(z) :* c(z-a)^ TT (z-z^) 

- V=1 ^ 

P 

is a polynomial of degree n with k<;n<(k+l) such that 




I z^j<l for >> = 1, n-k, then taking multiplic 

~ 

account . p’(z) has at least k zeros in 


ity into 



CHAPTER 1 


CERTAIN EXTRE^iAl PROPERTIES OF POLYNOMIALS, TRIGONOMETRIC 
POLYNOMIALS AND ENTIRE FUNCTIONS OF EXPON'ENTIAL TYPE 

1.1. Estimates for the derivative 

Let denote the class of all trigonometric polynom- 

^ iV6 

ials t(0) := I a^ e of degree at most n. The problem 
V = -n ^ 

of estimating arbitrary point 6 q€R if 

and |t(G)j<l for 6ClR was first considered by S. Bernstein 
It is clearly enough to estimate |t^ (0)j . To see this note 
that if t is a trigonometric polynomial of degree n such that 
jt(0)|< 1 for &€R then the same is true about 

t^ ; e i->-t(© + ©q) ; 

besides, t^(o) = t^(©Q). Further, there is no loss of general 
ity in assuming t{0) «= 0. This is seen by considering the 
trigonometric polynomial 

t2 : ©h->-|-{t(©)-t(-©)]' 

which belongs to 3^ ^ does and is bounded (in absolute 

value) by 1 if t is. In addition, t2(0) = 0 while t2(0)=t^(0) 
The solution to the problem considered by Bernstein is 
therefore contained in the following (for references see 
[l5 * Chapitre l] ) 

THEOREM A. I^ t€d„. M 

(1.1) |t(e)|<i for eeiR 
and t(0) = 0, then 

(1.2) jt(6)|^^ jsin n©! for ® ^ ^ ^ * 

The example t(0):*= sin n© shows that the estimate is sharp 


for each 0 ^ 

Dividing the two Bides of (1.2) by |0| and letting Q-tO 
we obtain jt^(0)j<Cn. Hence we have 

THEOREh B. If tC^^ then (l.l) implies 
(1.3) |t'(©)|<n for 0€IR. 

It can be shown that in (1.3) equality holds if and only 
if t(©):» ae^^®+be"^”® with iaU|b|= 1. 


Theorem B is known as Bemstein*s inequality for the 
derivative of a trigonometric polynomial. 

A related but considerably more difficult problem is to 
estimate jp (xq)| at a point Xq£[- 1,1] if p(x) :* e a^ 
is a polynomial of degree at most n such that 
(1.4) |p(x)|<l for x€C-l,13 . 

In this case, the answer depends on Xq. Let us take Xq = 0. 
Considering 

Pg : X i-^-^>|p(x)-p(-x)]- 

we readily see that once again, there is no loss of generality 
in assuming p(0) * 0. The degree of P 2 cannot exceed n-1 if n 
is even and so in that case (n even ) we may not only assume 
p(o) = 0 but may also restrict ourselves to polynomials of 
degree at most n-1 (rather than n) . The problem has thus been 
reduced to the following: 

m 

"Given a polynomial p(x) :* E a x^ of degree m such 

V*1 ^ 

that jp(x)j<l for x€C-l,l] how large can ja^j be"? 

Applying Bernstein's inequality to the trigonometric 
polynomial t(©) « p(cos O) which is of degree m we obtain 
j(-sin ©)p^(cos ©)|<m for ©€ttl. 



The choice 9 * gives 

|a^| « |p' (0)|<in. 


We the 1 ^ fore have 

n o 

THEOREM C. If p(x):>= E ay x Is a polynomial of 
degree at most n, and |p(x)|^l for x6C“liI3 » then 

r n if n is odd 


(1.5) 


< 


(jn-1 ^ n iB even . 

If we denote by the Chehyshev polynomial of the first 
kind of degree m and by \ an arbitrary . real number then in 
( 1 . 5 ) equality holds for p : xt— >e^^ ^n^*^ ® 

for p : XI— >e^^ ^n-1^^^ ^ even. The following stronger 

result, analogous to Theorem A, is due to Boas £3, Theorem 5]. 

THEOREM D. ^ p is a polynomial of degree at most n, 
p(0) = 0, and |p(x)|<l at the extrema of the Chebyshev 
polynomial T^ where m * n or n-1 accord ii|ig as n is odd or 
even, then 


( 1 . 6 ) 

There is e Quality for some x ( and hence for all x) if and 
only if p(x) — e^^ 

No improvement would result in (1.5) if we assumed p(x) 
to be real for real x . Recently, it has been proved by Rahman 
and Ruscheweyh that if p is typically real in I)(0;1):= 

^z€® J |zj<Clj' then ja^| cannot be larger than 2. Besides 
p does not have to be a polynomial. 


00 o 

THEOREM E [16, Theorem 4] . If f(z);» i a^ z 
typically real in l)(0;l) and jf(x)|<l for -l<Cx<Cl, 


is 

then 



k 


% 


(1.7) 

The example f (z) k- shows that (1.7) is sharp . 

l+z*^ 

Why is the bound so much better for typically real 
functions? Whereas, the Chebyshev polynomial which is extrem- 
al in ( 1 . 5 ) has all its zeros on (-1,1), a typically real 
function has no zeros in -^ 26 ® : 0<|z|<Cl^. But this is only 
part of the reason. In fact, we have 

PRCPCSITION 1.1. Let p(z) z q(z) where_q(z):= 

^ V-1 

X a,, z is a polynomial of degree n-1 not vanishing in 
D(0;1). If |p(x)|<l ^x€(-l,l), then 

(1.8) (as p-»oo ) . 

We may consider the example 

(1.9) p(z):= Vn z(l-z^)f‘'*^^^2 

to see that in (1.8) equality is possible at least for odd n. 

In Proposition 1.1 we do not need p(z) to be "real for 
real z" but the example (1.9) shows that no improvement in 
the bound for ja^j would result if this were added as a 
hypothesis. Thus, requiring a function to be typically real 
in D(0;l) is much more restrictive than assuming it to be 
real on (-1,1) and different from zero in D(0;l) \ . This 

becomes clearer if we replace the hypothesis "|p(x)|<l for 
-l<<x<Cl” by "|p(x)|<l for 0<x<Cl". On the one hand, we 


have 

PROPCSITICK 1.2. If f(z);= ? 

— V*1 

_^D(0;1) |l’(x)|<l £££ 0<*<1» 

( 1 . 10 ) 


a^ z is typically real 


ai <4. 
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The example f(z);e - shows that (l.lO) is sharp . 

On the other hand, we have 


PROPOSITION 1.3. I«t p(z):. z q(z) where q(z);. 

v)_l 

£ a z is a polynomial of degree n-1 not vanishing in 
V “1 

D(0;1). If |p(x)[<l ^ 0<x<l, then 

(1.11) (as n— »-oo). 

The example p(z):g n(l- zCl-z)^”^ shows that (l.ll) 
is sharp for each n. 

Proposition 1.3 hardly needs a proof. In fact, 

and hence the result. 

Instead of proving Proposition 1.1 we shall establish 
the following more general result. 

THEOREM 1.1. l£t f (z) := z where p and q are 

polynomials of degree and V respectively. If both p and 
q do not vanish in D(0;l) and for -l<Cx<Il, then 

( 1 . 12 ) 


lf'(0)l< min T • 

' 0<x<l * 


A straightforward calculation shows that the minimum of 
— ;a on the interval (0,1! is attained at the point 

• V(i)+ii)^4 4(i-ni-y) -(v+w) if 1.^.^ ^ 0 

2(l+^-V J 


Xq where 


x^-. 
Xq.- 


n-1 and V 


if l+v-V = 0. 
2 1 

0, then Xq * — which 


In particular, if p 
gives (1.8). In the case ^ » n-1, V = n which is also of 
interest we obtain 


( 1 . 12 ’) 


f*(0)|<V23n (1-^)“^"“^^^^. 
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Proof of Theorem 1.1 . Using a suggestive notation we 
may write 

-fU) f(-x) . (f'(o))2 TT(i-^)/TT(i-4) 

where the first product is taken over the zeros of p(z) and 

the second over those of q(z). The z.*b and the ^.'s are of 

j J 

modulus ^1. In the case ]i * 0, all the z.'s are taken to 

«) 

be 00 . Similarly, all the ^-’s are taken to be oo if 
V = 0. Now from the hypothesis ”|TCx)j^l for -l<x<l" we 
deduce that 


l>l-fCx)-f(-x)| >|f’(0)|^ x^ 


for all X C (-1,1), 


i.e . 


2 2 

for all x€ (-1,1). 


Hence (1.12) must hold. 


Proposition 1,2 is a special case of 

00 o 

THEOREM 1.2. let f(z):= i a^. z be typically real in 

y 

D(0;1). If |f(re^“)|<l for 0<r<l and some a€C0,«3, then 


(1.13) 


<C X := inf " 5^" Vl+r^"2r^ cos 2a . 


The estimate is sharp for each o. 

Here is a similar generalization of Theorem E. 

00 o 

THEOREM 1.3. Let f(z);= E a., be typically real in 

-j — ^^ 2 . V 

D(0;l). ^ }f(re^®)j^l for -l<Ir<Cl and some a€CO,ii), then 

(1.14) inf i-hJ 

' “ 0<r<l rdV) ^ 

The estimate is sharp for each a. 

Proof of Theorem 1.2. We recall that f(z):* 


^l+r^-2r^ cos 2a . 


CO ^ 

E a . z 


is typically real in D(0;l) if and only if C17] 

.2 


V=1 


(1.15) 


Re 


f(z)j- >0 for z€D(0;l). 
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If we Bet 

(1.16) ,p(z):. f(z) 

then (p belongs to the class ^ of normalized holomorphic 
functions with positive real part in D(0;l). By a well-known 
property (see for example C14, p. 40]) of such functions 

for all re(0,l). 

Hence 


^ 1 + r T ^.2-2ia 

< r(l-r) ® 


f(re“) 

Y^+r^-2r^ cos 2o for all re (0,1) 


from which the desired result follows. 

A straightforward calculation shows that in (1.15) 
equality holds for the function 


f _(z) := K 


1— ze 


•la 


a-ia 


a a -1 I 

1 — Z ZB 

For the proof of Theorem 1.3 we need the following lemma 


which is a result of independent interest. 

oo o 

LEMMA 1.1. <p(z):= 1 + E belongs to 

V=1 ^ 


the class 


i.e . ip is holomorphic with Re «p(z) >0 ^D(0;l), then 

max( U(z)| , U(-z)| )>• for all z€D(0;l) 

' ' ‘ “ l+|zr 


(1.17) 

Proof. The function 


{«p(z) -h q)(-z)}= ®2V ^ 

also belongs to ^ and so does 


2V 


oo 


4 ^( 2 ) :*= 1 + 2 c 


V=1 


2V 


Hence by the above mentioned property of functions in ^ 

1 -1 z 1 
1+1 z I 

which implies that 


|4'(z)l>i^ff!- for aJ-1 z€D(0;l) 


^|«p(z)+«p(-z)| = |4^(z^)|>-^jl^ for all z€D(0;l) 



8 


This is possible only if (1.17) holds. 

Proof of Theorem 1.3. Applying lemma 1.1 to the 


function (p defined in (1.16) v/e obtain 

2^2ia| , . , T U ^2^2ia 

max f (re ^“^ ) L — ® 


Vl| 


> for all re (0,1). 

— l+r*^ 


lf(-rei“)l} 


Since both lf(re’^“)| and lf(~re^®)j are <C 1 for r 6(0,1) 
we obtain 


< 


1+^ 


ll-r^e^^®l for -all r6(0,l). 


Hi:r^)^ 

Hence (1.14) holds. 

It is easily checked that in (1.14) equality holds for 
the function 

z 


"a 




a«2e-2i“ 


REMARKS ON RROPCSIIION 1.1. Noting that is the 
limiting value of p(x)/x as x— >-0 it becomes natural to ask 
how large jp(x)/xj can be on [-1,1] if p satisfies the 
conditions of Proposition 1.1. First, let 0<Cx<Ic//\/S~ . Then 
|p(x)p(-x)/x^| = |p’(0)|^ |”| |l-^| 

I ‘ 1 V=l' zj> 

< n(l-i)'^’^"^^ (l+x^)“”^ 

< n e (1+4)”’" 


d n e 


1+c^ 


Hence for 0<x<c/A/n 

(1.18) min ^jp(x)/x| , |p(-x)/(-x)|j'<>y^ )'^^. 

If c/^<|x|dl, then trivially 

(1.19) |p(x)/x|<; Vn'/c • 

From (1.18) and (1.19) we conclude that if Cq is the (only) 
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positive root of the equation 

(1.20) c « 1, 

then for 0<x<l 

(1.21) min .^|p(x)/x| , |p(-x )/ (-x)||><C Vn~/co* 

In particular, if the polynomial p happens to be odd , then 
|p(x)/x|<C Vn7cQ for all x g [-l.l] . 

Thus we have proved the following 

COROLLARY 1.1. Let p( 2 ) = z q(z) be an odd polynomial 
of degree <C.'d. such that jp(x)|;^l for -l<lx<Cl. If q(z) / 0 
^D(0;l), then for all x € 

|p(x)/x|<v^/cq 

where Cq is the only positive root of equation (1.20). 

Let p be an odd polynomial of degree n vanishing at the 

origin and let a be a point of the unit interval such that 

p(a) = max |p(x)l . From Theorem D it follows that 
‘ ‘ -l<x<l' ‘ . 

(1.22) |a|>sin^. 

In view of the fact that the extremal polynomial T^^ has all 


its zeros on (~l,l) we may wish to know how small |a| can be 

if p(z) 0 in D(0;1). It follows readily from Corollary 1.1 

that la I cannot be smaller than — — . 

yn 

Arguing as in the case of Corollary 1.1 we can deduce 
from (1.12') the following result. 

COROLLARY 1.2. Let f (z) ;= z where p and q are 

polynomials of degree <Cii-l and <C p respectively. If both 
P q do not vanish in D(0;l) and jf(x)|^l for -Kx<Cl, 
then 

(1.23) \fM/ii\<Aj^/c^ 
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where Is the only positive root of the equation 


(1.24) 


l+2c‘ 


A SPECIAL CASE CP THEOREM 1.3. It turns out that the 


value of V, is particularly simple in the case a * ti/ 2. We 
® 2 2 

have to calculate the minimum of 0 (r) for 

r(l-r^) 

r€(0,l). It Is easily checked that the only zero of 0 (r) 


in (0,1) is - 1 and gives the value 4 as the desired 

minimum of 0(r). In other words = 4. 


1.2. An analogue of a theorem of Schu: 


According to a classical result of Chehyshev if 

pCx):= r a . X is a polynomial of degree n then 
v>*0 ^ 

tr I I I..I 


(1.25) 




max 

-1<X<1 


|p(x)l • 


It is also known [lo]} that 

( 1 . 26 ) (^)^2 ( ^^| p ( x )|2 

It was shown by Schur ( |^20j , see Theorem III*) that if 


p(l) = 0, then (1.23) can be replaced by 


(1.27) ^ P(x) • 

I ni— 4n _i<x<l> ' 

Here we obtain the corresponding improvement in (1.26). In 


fact, we prove 

n o 

THEOREM 1.4. If p(x) :* £ a,, x is a polynomial of 

v)*0 

degree n such that p(l) = 0, then 


(1.28) |a„|<^ g (^)^^ ( 


The inequality is sharp and equality holds for 

p(x) := P„(x) t (2V+l)P^(x) 

“ n^ V=0 ^ 

where P., is the Legendre polynomial of degree V with the 


normalization P.o(l) * Besides , 


11 




1/2 


which is again sharp as the example 


11-2 


shows . 


p(,)!.i^p (x)-p U)+ _1 I (2>»+l)P^(x) 

n^+2 V-0 ^ 


Is!±2il''2 


n+1 


In the absence of the hypothesis p(l) * 0 the factor 

appearing on the right hand side of (1.29) is to be 


dropped ([lO^f Bee inequality (3)). 
Proof of Theorem 1.4. let 


(1.30) 


P^(x) 


:= (• 


2>)+l)l/2 


[))/ 2 ] 


(-l)^(2V^-2.l)i ..^-23 

V • 


Then 


3=0 2^ 3!(V-3)! (V- 23 )I 


fO if H / 
J «p^(x) <P^(x) dx *-{ 
il y ^ [l if >i = 




and the polynomial p(x) can be expressed uniquely in the form 

n 

(1.31) p(x) = E ao-V^(x) 

V=0 ^ ^ 

where 


.!o • 


From (1.31) in conjunction with (1.30) it follows that 

^ p2n+lxl/2 (2n)! ^ „ / 2n-i a/2 (2n- 2 jJ ^ 

Now we wish to prove’ that if Y^>Yy^0 for V = 0, 1, ... 

u-1, u+1, n then under the hypothesis of the theorem 

n o n 

(1.33) E Y^ ja^j 


'^<I(y -y) ^ 

V=0 I "1 — ^ V=0 ' ^ 

where y is the unique root of the equation 

^ 2))+l 


(1.34) ^ 

in (0, r : 


.v=o 


min ( Y -Y^ ) ) 


We write the left-hand side of (1.33) as 




r% rv 



12 




v=o 


^1 V=0;'y)/->i ^ V 1 V| 


= Y E 

^V=o 


n 

E 




<T,-To-y)UoI “Y 


V V 




where, for the moment, y is a constant in (0,P). From the 
hypothesis p(l) « 0 and Schwarz's inequality we obtain 

|2 


|(i^)Va |2 , ” (i^)V2 

' ^ lv=o:VA. ^ ' 


4 ^ 

lv= 0 ; 




( 2 ^ 31/2 


f 


-1 


n 

E 


V=0;)>^V 
n 




^ >)= 0 ; 


2 ' 

2>)+l 


J 




2 


SO that 


^ u. - "■^1% f{ ^ 

■p=0;)>ji^^ V- y I VI \ }x \ ^y_Q. 




-1 


m 


Now if Y happens to be the root of the equation (1.34) lying 
in (0, r ) , then 

2 


{ ^ 

lV=0; 


V7#H 


(y -y -y)' 

2 V 


2ii+l 


and we get 
n 


lo - ">* vfo I*''!' ■ V.oUl“>’' ' 


which proves (1.33). 


If Y =1, Y^ * 0 for 9= 0, 1, ..., n-1 then y turns out 


n 


2n4l 


to be equal to ^ and (1.35) reduces to 


(n+l)' 


(1.35) 


h — n+1 


( E 


•>>=0 


2)1/2, 


Similarly, choosing = 1» Yy = 0 for 0, 1, ..., 

we obtain 


n-2, n 


15 


(1.36) 


“n-lli 


n+1 


( I 


2 ^ 1/2 




Combining (1.55), (1.36) with (1.32) we readily obtain (1.28), 
(1.29) respectively. 

Both the inequalities (1.28), (1.29) are sharp and in 
each case the extremal polynomials are easily identified. 


1.3. Inequalities for functions o f 
exponential type 

Let f(z) be an entire function and for each r>0 let 


M(r) 


|f(2)|. 


max 
lz|=r 

The function f(z) is said to be of order P if 

li» sup l og . lgl W(r). „ P , 

In the case 0<P<Zco , the function f(z) is said to be of 
type T if 


aim Bup . I. 

r — >> 00 x' 

An entire function is said to be of exponential type -t ( < oo ) 
if it is either of order <C 1 or of type at most t if of 
order 1, i.e. for each c > 0 

|f(z)|* b for all z€C. 

One of the most interesting examples of an entire function of 

exponential type is a trigonometric polynomial. In fact, 

t(x):* S a %e is the restriction to the real axis of 
V=-n ^ 

the entire function t(z) which is of exponential type n. 

Theorem B was extended to entire functions of exponential 
type by S. Bernstein who proved: 

THEOREM B'. Let f(z) be an entire function of exponential 
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type T such that 1 for “00<l.x<^00. Then 

(1.37) 1^’ for-oo<x<oo. 

The examples e^*'^, sin xz and cos xz show that (1.37) Is 
sharp . 

Using an approximation method due to Lewi tan [11] , in a 
form given ty Hbrmander [9], Frappier [6, Theorem 53 has 
recently obtained the following generalization of Theorem A. 

THEOREM A'. Let f(z) be an entire function of exponential 
type T such that jf (x)|^^ 1 for xClR and f (O) * 0. Then 

(1.38) .|f(x)l<|sin xx\ for j x | <I 

We observe that Theorem A' is implicitly contained in a 
result stated in the above mentioned paper of Hbrmander. 
According to that result (see the remark following the 
Corollary on page 26 Of [93) we have 

LEMMA 1.2. Let g(z) be an entire function of exponential 
type X such that g(x) is real and -l<g(x)<l when x is real . 
If g(0) = cos a, where 0<Ca<Cn and g* (O) « 0, then 
|g(x)l>cos(TV+a^)^^^ when T^x^+a^< 

Now let f(z) satisfy the conditions of Theorem A* and 
consider the function 

F(z) « l-f(z)fCl) 

which is of exponential type 21 with F(0) = 1, F*(0) = 0. 
Since F(x)^0 for x€lR we may write (see [l, p. 154] or 
1^2, Section 7.5]) 

F(x) « |<p(x)l^ 

where <p is an entire function of exponential type x such 
that <p (0) * 1, «p'(0) » 0 and |«(>(x)|<l for x€B. Thus 
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Lemma 1.2 applies with a » 0 to the function 
g(z) « (<p(z) + <p(z))/2 and we obtain 

|<p(x)| >g(x) >cos TX for 

Consequently, 

(l»39) 1 - jf(x)j^ » F(x)>cos^ TX for 

which is equivalent to (1.38). In (1.39) we have used the fact 

that cos Tx>0 for 

Note that in our proof of Theorem A’ we have not required 
f(x) to be real for real x. 

From Lemma 1.2 we also deduce the following result whose 
relevance is abundantly clear. 

THEOREM 1.5. Let f(z) be an entire function of exponential 
type T such that jf^(x)|<l for x€IR. If |f(0)j= cos a, where 
0<a<-|- , and f ’ (O) = 0, then 
(1.40) |f(x)|<sin(V(ii-a)^+T^x^--|-) ^ 

Proof of Theorem 1.5 . First note that in lemma 1.2, the 
hypothesis "g(0) = cos a" may be replaced by "g(0)>cos a" 
without any change in the conclusion. In order to prove that 
(1.40) holds at an arbitrary point Xq € 

we may clearly assume f(xQ) ^ 0. Now choose vClR such that 
f(xQ)e^^ is positive. The function 

g(z);= -^f (z)e^^+f (z)e"^''^j- 

is entire and of exponential type t . It is real and 
~l-<;g(x)<Cl when x is real. 3Purther, g(0)>- cos a * cos(«-a) 
and g' (O) s 0. Hence 

g(x)>cos(T2x2+(Ti-a)2)l/2 fQj. 
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Since g(xQ) « -f(xQ)e^^ we obtain 

|f(xQ)|=f (xQ)e^^-cos(T^XQ+(ii-a)^)^^^ « 6in(V(»-a)^+ • 

Prom Lemma 1.2 and Theorem 1.5 we can easily deduce the 
following 

C OROLLARl 1.3. Under the conditions of Theorem 1.5 we 

have 

(1.41) |f"(0)|< -- - g - - . 

Inspite of its simplicity, the result contained in this 
corollary does not seem to have been noted before. 



CHAPTER 2 
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ON THE LOCATION CP THE CRITICAL POINTS CP A POLYN 


We shall denote by D(a;R) the open disk €C : j z-al^Ry 

and by D(a;R) its closure. According to a veil -known theorem 

of Gauss every convex domain containing all the zeros of a 

polynomial p(z) := c fV (z-z^) also contains all the zeros of 

V=1 ^ 

the derivative p’(z). In particular, if all the zeros 

z^, z^ of p(z) lie in D( 0;l) then so do all the zeros of 

p’(z). It was conjectured by Bl. Sendov that, for n>2, p' (z) 


has at least one zero in each of the disks I)(z^;l), "P^l, 


n; the example p(z) := z”-l shows that the open disks D(z^;l), 
\>=.l, •••t n may not contain any zero of p'(z). After the 
conjecture was published in [s. Problem 4.5]) it attracted the 
attention of many mathematicians. It has been verified in 
various special cases, e.g. 

1. It is true [18, Satz 3] if p(C) « C. 

2. Por each zero z^ with jzpj *= 1 the disk I)(z^;l) does 
contain a zero of p'Cz) (jj, 18, I3J ) . 

3. The conjecture holds for polynomials of degree n<5 

[13J. Por a historical background and the progress made 
towards the solution of the problem we refer the reader to 
[123, {193 and [4]. According to a recent result of Bojanov, 
Rahman and Szynal [5] if p(z):= c n (z^Zp) is a polynomial 
of degree n>2 with |z^|^l for V= 1. n then each of 

V 


the disks I)(z^. contains at least one zero of p*(z). 
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Since 1 + -^ f or n>2 and decreases to 1 as n— >00 we 

may say that Sendov’s conjecture is "asymptotically" true. 
However, it does remain to he decided whether the number 2^^*^ 
appearing in the result of Bojanov, Rahman and Szynal can be 
replaced by 1 for n>6 as it can be done for n^5. 

The disk D(zp;l) trivially contains a zero of p'(z) if 
happens to be a multiple zero of p(z). A non-trivial 
question in the case of a zero a of p(z) of multiplicity k 
is to ask for the smallest number Rj^ such that the disk 
D(a;Rj^) contains at least k zeros of p'(z). In the present 
chapter we attempt to answer this (more general) question. 


Here are our main results . 


THEOREM 2.1. Let lal » 1, If p(z) :« c(z-a)^ "fT (z-z,J 

, , V«1 ^ 

is a polynomial of degree n Ok) such that for 

'>) * 1, ..., n-k, then taking multiplicity into account , p’(z) 

has at least k zeros in (crD(a;|^)). 

THEOREM 2.2. l£t |al<l. If p(z) := c(z-a)^ tt 

2 ”^=1 

is a polynomial of degree n with k<Cn<[(k+l)^ such that 


|z^j<Cl for 1» •••» n-k, then taking multiplicity into 

2k 

account , p' (z) has at least k zeros in ®(a;^[;;^) • 

Before presenting the proofs we wish to discuss the 
sharpness of our results, let a|^ be the unique number in 
(u / 2 , Tt ) such that 


cos tti 


(k-t-l)^-2 


(k+1)^ 

and consider the particular polynomial 

p(z) :* (z-l)^ (z^-2z cos a+1). 

Then, in addition to a (k-l)-fold zero at 1, p'(z) has zeros 
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at 

w w •« cos tt±iV(k-t-2)(k-t 2 cos a )--fl t (k->-l) cos ^ 

2 * —— 

where the quantity under the radical sign is positive if 
0<a<aj^. It is easily checked that as a runs from 0 to the 
points w^ and W 2 describe the boundary of Tliis 

proves the sharpness of Theorem 2.1. In order to see that 
Theorem 2.2 is also the best possible result of its kind let 
us take p(z) :« (z+l)(z-l)^. Then p'(z) has a (k-l)-fold zero 


k— 1 

at 1 and a simple zero at - shows that the open disk 

2k 

D(a;j^^) may not contain more than k-1 zeros of p'(z). As 

another example we may consider 

p(z) :« (z^ + 2 z + DCz-l)^^ 

(k+1)^ k-1 

whose derivative has a double zero at - in addition to a 
(k-l)-fold zero at 1. 

Proof of Theorem 2.1 . Let us write 
(2.1) pCz) » (z-a)*^ q(z). 

Without loss of generality we may assume q(a) 0. let us 
denote by w^, ...» 

(k-1) -fold zero at a. Since 


. ... w^i, the zeros of p’(z) other than the 


p" (z 


k-1 

«-a 


n-k 


the function 

n-k 

(2.2) f (z) :« E 






p' ^z; z-a 


(z-a)p"(z)-(k-l)p*(z) 
\Z-ajp yz) 


is holomorphic in a neighbourhood of the point a. From (2.1) 
we have 


p* (z) = (z-a)^ q' (z) + k(z-a)** ^ q(z) , 

p"(z)=(z-a)^ q"(z) + 2k(z-a)‘*^’^ q ' (z)+ k(k-l) (z-a)*^"^ q(z) 


so that 
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fU) . (z-a)q"U) ♦ (k^pg'^z) 
' (2-a)q*(z) + k qCz) 


In particular, we obtain 

n-k T 

(2.3) Z — ^ « f(a) - 

n-k 

Since q(z):* c | | (z-z.), we have 

g'W 


k+1 q'(a) 
ir-qii^ 


q;(a) ^ _JL_ 

qTir 3.1 a-z. 


and 80 


(2.4) 


-i 1 

1*1 D 


. « a • 2 . 
1*1 j 


Taking real parts of the two Bides of (2.4), we get 


I Re 


n-k ^ 1,^, n-k 

( 2 . 5 ) E Re Z Rg a - z ' * 

3=1 i D»1 D 

The hypothesis jz^j^l implies that Re ^or l<j<n-k 

«) 




Thus 


n-k 
Z Re 

d=i 


a 

a — w. 


k4l n-k 

— ' " ' g— 


and Re ^ (l< 3 <n-k). This proves that 

J — ^ 

p’(z) has at least one zero / a in l*(l[fi * Since it has a 

(k-l)-fold zero at a the theorem follows. 


Proof of Theorem 2.2 . According to Theorem 2.1, ttie disk 
D (a ;'^^) contains at least k zeros of p'(z) in the case ja| = l 
if only n>k. So we may assume 0<|a|<l. Besides, there is no 
loss of generality in supposing that 0<a<l. Then clearly the 


polynomial 


IM:. (az-l)“ P(|f^) 


has a zero of multiplicity k at the origin and all its other 


zeros lie in D(0;l). Hence it has the form 
where and |‘=n-ll^^”"*‘^l°nl • 




21 


I'U) = na (az- 1 )”-^ p(fj^) - (l-a^Xaz-l)”'^ 
we have 

(l-a^Xaz-l)”-! p’(^) = na P(z) - (az-l)P'(z) 

= (nCjj+ aCjj_j^)z°'^+ . .. + kOjjZ*"^ 

Consequently, the zeros of p’(-^^^)are the same as those of 
the polynomial 






i.e. it has a (k-l)-fold zero at the origin and at least one 
zero in |z : 0 < | z|< (^-(n-kya^^'^ (n-k)| ^ P'(-|fif) lias 


at least k zeros in D(0;(- 


Setting 


L-in-k ;a 


/ k Nl/6i-k') 

^n-(n-k7i^ 

we readily deduce that p’C^^ has at least k zeros in 
2 2 

D ^ ^2 ^ 2 * ^ ^ i ) . It is now enough to show that 

l-a*^ tT 1 -a Ti — 5 -—— — ^ ^ „ — 


(2.6) 

1 -a r\ 1 -a T) 

Since the disk on the left-hand side of (2.6) has the real 
interval as a diameter it is sufficient to check 


that 


o a-Ti ^ 2k 

a ' l-an— k+1 


which is equivalent to 

(2.7) (l-a^) ♦ ^^(n:^n^klajl/(n-k)_ 

Setting n = Xk in (2.7) we see that the theorem will he 

proved if we show that the inequality 

f k4.l 2 

(2.8) f(k,a,x) ;* (X-l)a + Va + (1-a )r 

( 

■u-ij., qtiH RSnf»o f *5 « fi nnTi+.lTi 


< >- 


holds for 0<a<l and 1<X<- 


-. Since f is a continuous 


function of a and assumes the value X for a * 1 it is more 



22 . 


than enough to demonstrate that It increases with a on the 
interval [o,l). Calculating the partial derivative of f with 
respect to a we obtain 

« 1 + g(k,a,X) 

where 

g(k,a,X):« |k-(k+l)aj"[a + 

Since g(k,a,\) is positive for the same can be said 

about f(k,a,X). Now we show that g(k,a,X) decreases from 
•= 0 to g(k,l,x) * -1 as a increases from to 1. 


’k+1 

For this we have to look at the sign of 


'?>a 


k+1 

g(k,a,X) for 


a€[^j^^,l). A simple calculation shows that 

'h 


'ba 


g(k,a, X)<0 


if and only if 

(2.9) '[(X-l)k-l|{k-(k+l)a}^<-^{2ak + (k4l)(l-a^)J> . 

We will like this to be true for . Since the 

left-hand side of (2.9) is an increasing function of X 

whereas the right-hand side does not depend on it we need to 

( k+l) ^ 

verify the inequality only for X * 1 — In that case it 
reduces to 

(k^+k) -[k-(k4l)aj2<-^{2ak + (k+l) (l-a^)]- 
which is equivalent to 

(2.10) (a- |^)(a-l)<0. 

This latter inequality is obviously true for a€(-^^,l) and 
80 a fortiori for a6[i^fl)* Thus (2.9) holds for X « 
and consequently for X < - as well. This implies that 

g(k,a,x)>g(k,l,x) « -1 
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Hence ;^f(k.a,x) - + g(k.a,x)j is poBitive not 

only for 0<a<-j^ but also for i-e. f(k,a,X) 

increases from f(k,0,x) to f(k,l,x) « X as a increases from 
0 to 1. With this the proof of inequality (2.8) is complete 
and BO is the proof of Theorem 2.2. 


Theorem 2.2 implies in particular that if |aj<l and 
p(z):«: c(z-a)^ ff( z-z^) is a polynomial of degree n with 

j.i 3 

2<k<n<k+4 and for j * 1, n-k, then p^(z) 

has at least k zeros in Since this is also known 

to he true [133 for k » 1 we may state the following 


COEOLIARY 2.1. If PCz):» 


c(z-a)^ 



is a polynomial of degree n with k<Cn<k+4 such that 

d • then taking multiplicity into 

^ pi, 

account , p (z) has at least k zeros in I^(a;j^). 
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